When a low-energy positron (the antiparticle of the electron) annihilates in a gas of polyatomic molecules, the annihilation rates are found to be several orders of magnitude greater than in a free-electron gas with the same number density 1,2 . The annihilation rates also depend strongly on the molecular size and display remarkable chemical sensitivity 3, 4 . It is understood now that these phenomena are due to resonant annihilation, in which the positron is captured by the molecule, its excess energy being transferred into molecular vibrations 5 . Key to this process is the existence of positron-molecule bound states 3 . Experimentally, binding energies ranging from few to few hundred of meV, have now been measured for over seventy, mostly nonpolar, molecular species 6-9 . By contrast, quantum-chemistry calculations have so far failed to predict positron binding to nonpolar molecules. Here we construct a simple physical model that allows calculations of positron binding to a wide range of polyatomic species and has predictive capability. We find good agreement with experiment, which confirms that the positronmolecule potential is largely 'additive' and distributed over the molecule, and that its short-range part is just as important as the long-range behaviour determined by the molecular polarizability. While this short-range part cannot be described ab initio with the required accuracy, we show that it can be parameterized in a reliable way. This opens the way for calculating positron binding energies, annihilation rates, and gamma spectra for all molecules that have been studied experimentally and for making predictions for other molecules. Understanding positron binding to molecules also sheds light on its counterpart -the problem of electron attachment to molecules and formation of molecular anions.
When a low-energy positron (the antiparticle of the electron) annihilates in a gas of polyatomic molecules, the annihilation rates are found to be several orders of magnitude greater than in a free-electron gas with the same number density 1, 2 . The annihilation rates also depend strongly on the molecular size and display remarkable chemical sensitivity 3, 4 . It is understood now that these phenomena are due to resonant annihilation, in which the positron is captured by the molecule, its excess energy being transferred into molecular vibrations 5 . Key to this process is the existence of positron-molecule bound states 3 . Experimentally, binding energies ranging from few to few hundred of meV, have now been measured for over seventy, mostly nonpolar, molecular species [6] [7] [8] [9] . By contrast, quantum-chemistry calculations have so far failed to predict positron binding to nonpolar molecules. Here we construct a simple physical model that allows calculations of positron binding to a wide range of polyatomic species and has predictive capability. We find good agreement with experiment, which confirms that the positronmolecule potential is largely 'additive' and distributed over the molecule, and that its short-range part is just as important as the long-range behaviour determined by the molecular polarizability. While this short-range part cannot be described ab initio with the required accuracy, we show that it can be parameterized in a reliable way. This opens the way for calculating positron binding energies, annihilation rates, and gamma spectra for all molecules that have been studied experimentally and for making predictions for other molecules. Understanding positron binding to molecules also sheds light on its counterpart -the problem of electron attachment to molecules and formation of molecular anions.
Positron interaction with atoms and molecules is characterised by very strong effects of electron-positron correlations, which can result in positron binding. For molecules, positron bound states manifest through vibrational Feshbach resonances, i.e., vibrationally-excited states of the positronmolecule complex. These resonances are responsible for rapid positron annihilation in molecular gases 5, 10 . The downshift of the resonances relative to the energies of the corresponding vibrational modes is a measure of the positron binding energy ε b 11 . Values of ε b have been measured for many molecular species, including alkanes, aromatics, partially halogenated hydrocarbons, alcohols, formates, and acetates. [6] [7] [8] [9] However, this body of data is poorly understood. Exisiting calculations of positron-molecule binding focussed on strongly polar molecules. Here binding is guaranteed at any level of theory, since a static dipole moment greater than 1.625 debye supports an infinite number of electron or positron bound states 12 . The methods used include Hartree-Fock 13 , configu-ration interaction 14 , and diffusion Monte Carlo 15 . The majority of calculations examined simple diatomic and triatomic molecules, e.g., alkali hydrides 16 , metal oxides 15 , hydrogen cyanide 17 , and triatomics CXY (with X, Y = O, S, Se) 18 . In most cases, the calculations struggled to fully account for the strong electron-positron correlations beyond the static (e.g., Hartree-Fock) level of theory. Post-Hartree-Fock methods like configuration interaction and diffusion Monte Carlo can, in principle, recoup these correlations exactly, but they are hampered by issues of slow convergence of an expansion of the system wave function, meaning that ε b is still likely to be underestimated. For example, calculations of ε b for acetonitrile yield 15 meV (Hartree-Fock) 19 or 136 meV (configuration interaction) 20 , compared to the measured value of 180 meV 7 . Comparison between theory and experiment is possible for five other molecules, namely, carbon disulphide 18 , acetone 20 , acetaldehyde 20 , propanal 21 , and propionitrile 19 , but the agreement with measured binding energies 7,8 is even poorer here.
Since accurate predictions of positron binding to polyatomic molecules are beyond the capacity of the best ab initio calculations, we use a model correlation potential approach. 22 The electrostatic potential of the molecule is calculated at the Hartree-Fock level, and then a potential that describes long-range polarization of the molecular electron cloud by the positron is added. The explicit form of the potential that we
A , where the sum is over the atoms A in the molecule, r is the position of the positron, and r A is the position of nucleus A, relative to an arbitrary origin. This model potential uses the hybrid polarizabilities α A of the molecule's constituent atoms (which take into account the chemical environment of the atom within the molecule) 23 . The factor in square brackets provides a short-range cutoff, characterised by the cutoff radius ρ A , which is a free parameter of the theory. Its values are expected to be comparable to the radii of the atoms involved, e.g., in the range of 1-3 atomic units (a.u.). Far from the molecule, the potential takes the asymptotic form V cor (r) −α/2r 4 , where α = A α A is the molecular polarizability. The short-range part of the potential accounts for other important electron-positron correlation effects, such as virtual positronium formation. The Schrödinger equation is solved to obtain the positron binding energy ε b and the positron wave function. The use of V cor (r) captures the essential physics of the system, and allows the calculations to be carried out for large molecules without much computational expense. As a test, we used this method to estimate ε b for hydrogen cyanide HCN, taking the same cutoff radius for the H, C, and N atoms 22 . As HCN has a dipole moment of 3 debye, its electrostatic potential alone supports a bound state with ε b = 2 meV. On including V cor (r), we obtained ε b = 31 and 47 meV, using ρ A = 2.25 and 2.0 a.u., respectively, in good agreement with arXiv:1904.12491v1 [physics.atom-ph] 29 Apr 2019 existing configuration-interaction and diffusion-Monte-Carlo calculations.
Here we apply the method to alkanes, which are nonpolar or very weakly polar molecules. While no quantum-chemistry calculations of positron binding have been reported for them before, positron binding energies have been measured for most of the n-alkanes C n H 2n+2 with n = 3-16 (methane CH 4 appears not to support a positron bound state, and while ethane C 2 H 6 is expected to bind a positron, ε b is too small to measure), and also for isopentane C 5 H 12 , cyclopropane C 3 H 6 , and cyclohexane C 6 H 12 . 24 The binding energy for the n-alkanes was found to increase in a near-linear fashion with n. Also, a second bound state was observed for n ≥ 12.
In our calculation, we have chosen equal cutoff radii for C and H atoms, and set their values to ρ A = 2.25 a.u., to reproduce the measured ε b = 220 meV for dodecane C 12 H 26 . Figure 1 shows the values of ε b obtained for the n-alkanes C n H 2n+2 in terms of n. Also shown are the zero-range-potential calculations 25 , in which each of the CH 2 or CH 3 groups was replaced by a short-range delta-like potential, whose strength was chosen to fit the binding energy for dodecane, and the experimental data 24 . Our calculations are generally in very good agreement with the experimental data. For n = 3-7, our results follow the near-linear trend of the experiment much more closely than do the zero-range-potential calculations. In particular, we report a positive binding energy for n = 3 (propane), where the zero-range-potential model shows no binding. Also, the present calculation predicts the emergence of a second bound state for n = 12 (dodecane), in agreement with experiment, while the zero-range-potential model only shows this for n = 13. For n = 8 (octane) and 9 (nonane), we observe a somewhat larger discrepancy with the measured binding energies. We note, however, that the experimental data for these molecules lie slightly below the linear trend set by the other molecules. This difference may therefore be due to an experimental error. From n ≈ 12 upwards, the calculated binding energies shows signs of saturation and drop below the near-linear trend observed for smaller n. (This effect is even more pronounced in the zero-range-potential data.) Indeed, for n = 14 (tetradecane) and 16 (hexadecane), our ε b for the first bound state underestimate the experimental values by 5 and 15%, respectively, although the second bound state is still very well described. The exact reasons for this discrepancy are not clear. One possibility is that anisotropy of the molecular polarizability, which is not accounted for by V cor (r), becomes important for such large chain molecules. At the other end of the scale, our calculations with ρ A = 2.25 a.u. fail to predict a bound state for n = 2 (ethane), and it would be necessary to reduce the value of the cutoff radius to 2.09 a.u. for a bound state to appear. This likely reflects the fact that the cutoff radius can have a weak dependence on the size of the molecule, which becomes more obvious for smaller species.
Besides the near-linear increase of the binding energy for n-alkanes, the experiment found that isopentane C 5 H 12 , cyclopropane C 3 H 6 , and cyclohexane C 6 H 12 have the same binding energies as the n-alkanes with the same number of carbon atoms 24 . Using our method, we find that the binding energy for isopentane is ε b = 59 meV, which is only 5% greater than the calculated value of 56 meV for n-pentane. Both values are close to the experimental value ε b = 60 meV. (The accuracy of the experimental determination of ε b is likely no better than 5 meV, due to uncertainties in the energy of the positron beam.) For neopentane, our calculations yield ε b = 57 meV, though there are no measurements for this isomer. The similarity between the binding energies for the three isomers suggests the long-range behaviour of V cor (r) (which is the same in all three cases) is more important for positron binding than the effects of the molecular geometry. The calculated values for cyclopropane and n-propane are ε b = 0.66 and 4.3 meV, respectively, while the experimental value is 10 meV. The smaller calculated binding energy for cyclopropane is due to the fact that its polarizability is 12% smaller than that of n-propane. Similarly, the calculated binding energies for cyclohexane and n-hexane are 76 and 87 meV, respectively, which can be attributed to the 7% smaller polarizability of cyclohexane. Experimentally, both have the same binding energy of 80 meV. Figure 2 shows the shapes of the bound positron orbitals for several of the molecules studied. We see that the positron cloud surrounds the entire molecule, as was inferred from the analysis of measured annihilation gamma-ray spectra 26 . This is in contrast to strongly polar molecules, where the bound positron is strongly localized around the negative end of the dipole 8, 22 . For a second bound state (e.g., for dodecane), the wave function has a nodal plane near the centre of the molecule.
Next, we use the positron wave function to calculate the positron annihilation rate in the bound state Γ, and the lifetime of the positron-molecule complex with respect to annihilation, τ = 1/Γ. The annihilaton rate is proportional to the overlap of the electron and positron densities 10, 22 . The corresponding independent-particle-approximation value can be improved by including annihilation vertex enhancement factors which account for an increase of the electron density at the positron due to their Coulomb interaction 27 . Similar enhancement factors are used in calculations of positron annihilation in solids 28, 29 . We also renormalize the positron wave function, to take into account the underlying many-body nature of V cor (r). Figure 3 (a) shows the annihilation rate for each of the nalkanes, for the first and second bound states, when the latter exists. Including the enhancement factors increases the annihilation rate by a factor of approximately 4.5 compared to the independent-particle approximation, irrespectively of the size of the molecule. The growth of the annihilation rate with the size of the molecule is related to an increase in the positron binding energy. Previous studies of positron-atom bound states found that the rate of annihilation from the bound state grew linearly with √ ε b , specifically, as Γ ≈ 0.045 √ ε b , if Γ is measured in ns −1 , and ε b in meV 5 . This dependence is related to the probability of finding the positron in the vicinity of the target for weakly bound s-type states. Figure 3(b) shows that the annihilation rate for the n-alkanes also scales linearly with √ ε b , with Γ ≈ 0.0183 √ ε b in the independent-particle approximation (thin black dashed line), and Γ ≈ 0.0798 √ ε b , when the enhancement factors are included (thin blue dashed line). Thus we see that the annihilation rates for positron bound states with alkanes are about 1.8 times greater than those for the positron-atom bound states, for the same binding energy. This difference must be related to the fact that in atoms, positron access of high-electron-density regions is always impeded by the nuclear repulsion, while in molecules it is easier for the positron to approach the electrons as they are shared between the constituent atoms. It is also worth noting that the annihilation rate for the second bound state remains finite when its binding energy goes to zero. Such behaviour is characteristic of p-type states that remain localised in the limit ε b → 0. We have also calculated annihilation rates for the isomers of pentane, cyclopropane, and cyclohexane. The values that include the enhancement factors are (in ns −1 ): isopentane, 0.62; neopentane, 0.62; cyclopropane 0.064; cyclohexane, 0.73. For comparison, the corresponding values for n-alkanes are: npentane, 0.57; n-propane, 0.13; n-hexane, 0.75. The annihilation rates for the various isomers and ring forms are very close to those for the corresponding n-alkane. The exception is cyclopropane whose annihilation rate is half that of n-propane. This is related to the fact that the calculated binding energy for cyclopropane is six times smaller than that of n-propane.
In conclusion, we have developed a method for calculating positron-molecule binding energies and annihilation rates and demonstrated its predictive capabilities for the alkanes. These quantities are key to understanding positron resonant annihilation in molecules. Our method allows one to investigate positron binding to other molecules that have been studied experimentally and to make predictions for many other molecular species. The positron wave function can also be used to calculate the annihilation gamma spectra, where much of the experimental data 26 still awaits theoretical analysis 30 .
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METHODS
Calculation of binding energy. First, the geometry of each molecule is optimized at the Hartree-Fock level, using the standard 6-311++G(d,p) Gaussian basis for the electronic wave functions. The positron-molecule interaction is modelled using the potential
where V st (r) is the electrostatic potential of the molecule calculated at the Hartree-Fock level, and V cor (r) is a model potential that describes long-range polarization of the molecule by the positron, viz.,
Here, the sum is over all atoms A within the molecule, r is the position of the positron, r A is the position of atom A (relative to an arbitrary origin), and α A is the hybrid dipole polarizability of atom A, i.e., the effective dipole polarizability of atom A in the environment of the molecule 23 . The expression in brackets is a cutoff function that prevents unphysical growth of V cor (r) as |r − r A | → 0, with ρ A a cutoff radius specific to atom A.
To obtain values of the hybrid polarizabilities α C and α H , we used the experimental values of the molecular polarizabilities α C n H 2n+2 for the n-alkanes (with n = 1-12) from ref. 23 . We assumed that they could be obtained by adding the hybrid polarizabilities of the constituent atoms:
Performing a linear least-squares fit for α C n H 2n+2 as a function of n, we obtained values of α C = 7.096 a.u. and α C = 2.650 a.u., which are used throughout our calculations. As for the cutoff radii, a value of ρ C = ρ H = 2.25 a.u. was used throughout (to match the calculated binding energy for n = 12 with the experimental value). The Schrödinger equation for a positron moving in the potential given by equation (1) is solved to obtain the binding energy and the corresponding wave function. In practice, this is done using the standard quantum-chemistry package with the plugin [31] [32] [33] [34] , which we have modified to include the model potential V cor ; see ref. 22 for details. A Gaussian basis is used for the positron wave function. Matrix elements of V cor between these basis functions are evaluated analytically by expanding the potential V cor in a separate set of Gaussians, consisting of 25 s-type functions centred on each of the atoms. The positron basis consists of 12 s-type Gaussian functions centred on each carbon atom and 8 s-type Gaussians centred on each hydrogen atom. Explicitly, the Gaussian basis functions have the form exp(−ζ k |r − r A | 2 ), where the ζ k are chosen according to the even-tempered scheme
with ζ 1 = 0.0001 a.u. and k = 1, . . . , 12 for centres on C atoms, and ζ 1 = 0.0081 a.u. and k = 1, . . . , 8 for centres on H atoms. We deemed the inclusion of higher-angularmomentum-type Gaussian functions in the basis to be unnecessary, as s-type functions placed on multiple centres effectively generate higher-angular-momentum-type functions 22, [35] [36] [37] . To check this, we calculated the binding energy for n-dodecane using a basis set with six additional pand d-type functions (with ζ 1 = 0.0081 a.u.) on each of the C atoms, and observed that the binding energy increased by less than 1%. Annihilation rate. The 2γ annihilation rate for the positron from the bound state, averaged over the electron and positron spins, is given by 5
where r 0 is the classical electron radius, c is the speed of light, and δ ep is the average electron density at the positron. In the independent-particle approximation, δ ep is given by
where the N-electron molecule is assumed to be closed shell, with N/2 doubly occupied electronic orbitals, ϕ i is the wave function of molecular orbital i, and ψ is the wave function of the bound positron. Short-range electron-positron correlations increase the probability of finding an electron at the positron with respect to the independent-particle approximation. Many-body theory calculations for atoms show that this effect can be described by introducing the so-called enhancement factors γ i 38 , and that they are to a good approximation functions of the electron orbital energy ε i 22,27 ,
The enhanced value of δ ep is calculated thus:
Another many-body correction concerns the normalization of the positron wave function. The true correlation potential that describes the interaction of a positron with a many-electron system is a nonlocal, energy-dependent potential Σ E (r, r ), equal to the self-energy of the positron Green's function 39, 40 . When using it in the Shrödinger-like Dyson equation, the negative-energy eigenvalue that describes a bound state, becomes of a function of E, i.e., ε 0 (E), and the binding energy is to be found self-consistently, as ε b = −ε 0 (−ε b ). The corresponding positron wave function is in fact a quasiparticle wave function (or Dyson orbital), normalized as follows 41, 42 :
The energy dependence of the correlation potential can be examined by looking at the dimensionless strength parameter S(E) 43 . Many-body theory calculations for s-wave positrons interacting with noble-gas atoms show that its can be parameterised by S(E) = A/(B − E), and that the value of B scales with the ionisation potential of the target, e.g., B = 1.163 a.u. for Ar, 0.9428 a.u. for Kr and 0.7215 a.u. for Xe. Given that the ionisation potential of alkanes is closest to that of Xe, we use B = 0.7215 a.u. to estimate the relative energy dependence of the correlation potential at E ≈ 0 from (dS/dE)/S(E) = 1/B. Applying this to our model potential V cor (r), we see that a 1% increase in this potential corresponds to an effective energy difference of δE = 0.01B. Hence, we perform an additional calculation of the binding energy using 1.01V cor (r) and evaluate the normalisation constant from a = {1 + [ε b (1.01V cor ) − ε b (V cor )]/δE } −1 . The values we thus obtain range from a = 0.992 for C 3 H 8 to 0.933 for C 16 H 34 for the first bound state, and from a = 0.967 for C 12 H 26 to 0.946 for C 16 H 34 , for the second bound state. We use them to multiply the enhanced contact density from equation (8) .
Once δ ep has been calculated, the annihilation rate [eq. (5)] is found as
